A Feynman formula is a representation of the solution to the Cauchy problem for an evolution partial differential (or pseudodifferential) equation in terms of the limit of a sequence of multiple integrals with multiplicities tending to infinity. The integrands are products of the initial condition and Gaussian (or complex Gaussian) exponentials 1 [5] . In this paper, we obtain Feynman formulas for the solutions to the Cauchy problems for the Schrödinger equation and the heat equation with Levy Laplacian on the infinite-dimensional manifold of mappings from a closed real interval to a Riemannian manifold. The definition of the Levi Laplacian acting on functions on such a manifold is obtained by combining the methods of papers [3] and [7] . In the former, Levi Laplacians in the space of functions on an infinitedimensional vector space were considered, and in the latter, Volterra Laplacians in the space of functions on the above infinite-dimensional manifold were examined. This definition of a Levi Laplacian is equivalent to that given in [2] , but it is better adapted for derivation of Feynman formulas.
The main idea of the proof of the central result of this paper is reducing the derivation of Feynman formu- 1 For the heat equation, these multiple integrals coincide with integrals being finite-dimensional approximations to integrals with respect to the Wiener measure. For the Schrödinger equation, such integrals coincide with those used in the definition (which goes back to Feynman himself) of sequential Feynman path integrals. Therefore, the limits of multiple integrals in the Feynman formulas are integrals with respect to the Wiener measure in the former case and (sequential) Feynman path integrals in the latter case, and in both cases, the Feynman-Kac-type formulas are consequences of the Feynman formulas being discussed.
las for equations on a manifold to the derivation of similar formulas for equations on a vector space. For equations on finite-dimensional manifolds (containing the usual finite-dimensional Laplacians), this approach was suggested in [4] and developed in [6] . The Riemannian manifold under consideration was embedded in a suitable Euclidean space (this can always be done by the Nash theorem), and the technique of surface measures developed in [4, 7] was applied. An essential point in the proof was the application of the Chernoff formula (generalizing the Trotter formula), which is related to obtaining representations of solutions to evolution equations on manifolds (and to representations of solutions to equations on vector spaces in terms of path integrals in the phase space [5] ) in the same way as the Trotter formula is related to representations of the solution to the simplest Schrödinger equation with potential in terms of path integrals in the configuration space. The remark made in the footnote means that the results obtained in this paper contain the construction of a Levy Brownian motion on the set of paths on a (compact) Riemannian manifold (cf. [9, 8, 3] ). Note also that the interest to equations with Levy Laplacians is largely caused by the fact that the Yang-Mills gauge fields are harmonic functions for the Levy Laplacian (see [1] and references therein).
The exposition in this paper is formal in part; some analytical assumptions are omitted. 
MATHEMATICS

Feynman Formulas for Evolution Equations with Levy
Laplacians on Infinite-Dimensional Manifolds
, respectively. We assume that these manifolds are endowed with the (metrizable) topologies of the uniform convergence of functions and their derivatives up to order n . The space
, where x ∈ E , is defined as follows. Let E be a Riemannian 
This definition does not depend on the embedding of E into ‫ޒ‬ n [on the space
, there is the natural structure of a Hilbert manifold generated by the Hilbert space structure on
Let E be a Banach space, and let H be its Hilbert subspace; this means that H is a vector subspace of E and the canonical embedding of H into E is continuous. If B is a continuous positive definite operator on H, then the cylindrical Gaussian measure on E with (H-) correlation operator B is defined as the image (under the canonical embedding of H into E) of the cylindrical Gaussian measure on H with correlation operator B. Under the same assumptions, a (cylindrical) Wiener process on [0, a] taking values in E, or a (cylindrical) Brownian motion in E (defined on [0, a]), starting at x ∈ E and having correlation operator B is defined as a (cylindrical) homogeneous Markov process in E that starts at x ∈ E, is defined on [0, a], and has transition probability P B (t, x, ·) = P E (t, ·) + x, where t > 0, x ∈ E, and P E (t, ·) is the cylindrical Gaussian measure on E with H-correlation operator tB and mean zero. The cylindrical probability on C([0, a], E) generated by this process is called a Wiener measure with (H-)correlation operator B; it can be assumed to be concentrated on C x ([0, a], E). Moreover, P(·, ·, ·) is the integral kernel of the solving operator of the Cauchy problem for the heat equation on E with the Laplace operator ∆ B defined by (∆ B g)(x) = tr(Bg''(x), where the symbol g''(x) denotes the second derivative (along H) of the function g and tr denotes the trace of the corresponding operator on H (∆ B is sometimes called the Volterra Laplacian generated by B).
LAPLACE OPERATORS
In this section, we define the Laplace-Volterra operator ∆ V and the Laplace-Levy operator ∆ L on the spaces of functions on ([0, a], G) , where x ∈ G and G is a Riemannian manifold (although the main purpose of this paper is studying equations with Levy Laplacian, it is useful to define both operators simultaneously). In what follows, we assume that the manifold G is either the entire Euclidean space or a compact space. be the function defined as follows: (t) is the element of the geodesic such that the distance from this element to ψ(t) along equals |α (t)| and the direction from ψ(t) to this element coincides with that of if α (t) > 0 and is opposite to that of if α (t) < 0.
For the same k and p, we define a real function of the argument α by the equality (α) = F( ). ([0, a] , G) starting at q with transition probability coinciding with the Green measure of the heat equation with LaplaceVolterra operator ∆ V . Let ᐃ q, t be the corresponding [0, a], G) ‫ޒ‬ n )-correlation operator coincides with the identity operator on
Definition 1. A function F:
([0, a], G) → ‫ޒ‬ is
Remark 1. A Brownian motion (Wiener process) in C([0, a], G) starting at q ∈ C([0, a], G) can be defined as a homogeneous Markov process in C q(0)
In what follows, we identify the spaces C ([0, a 1 ],  C([0, a 2 ], G)) and C([0, a 1 ] × [0, a 2 ], G) .
, and ϕ ∈ ([0, a], G) . For integers k = 1, 2, …, d and p ∈ ‫ގ‬ and a number α ∈ ‫ޒ‬ with sufficiently small absolute value, we define a function ∈ ([0, a] , G) as follows: (t) is the element of the geodesic such that the distance from ϕ(t) (along ) to this element equals |α (t)| and the direction from ϕ(t) to this element coincides with that of if α (t) > 0 and is opposite to that of otherwise. For F: 
Definition 2. A function F:
Remark 2. For G = ‫ޒ‬ k , the definitions of the Levy and Volterra Laplacians given above coincide with the classical definitions (see, e.g., [3, 8, 9] and the references therein).
FEYNMAN FORMULAS
Let ρ be the distance on a Riemannian manifold G generated by its Riemannian structure, and let scal(q) and m(q) be the scalar and (vector-valued) mean curvatures of the manifold G at the point q ∈ G. We assume that G is a Riemannian C k -submanifold (k ≥ 3) of some Euclidean space with norm ||·||.
Consider the nonnegative functions p R , Q R , p E , and
In what follows, we assume that a, t > 0; F is the function on The proposition obtained from Proposition 1 by replacing Q R by Q E is also valid.
Remark 3. In Proposition 1 and the subsequent propositions, the choice of ([0, a], G) as the domain on which the solutions are defined and the cor-
responding choice of the domain of integration are not very essential (cf. [8] ).
The following theorems are concerned with Feynman formulas for the semigroups determining solutions to the Cauchy problems for the heat equation and the Schrödinger equation with Levy Laplacian on the space of functions on ([0, a] , G). The methods and results of [7] make it possible to obtain similar results for the Volterra Laplacian.
Let Φ be the function on C ([0, a] This theorem is derived from Proposition 1 with the use of the Chernoff theorem.
The proof of the following theorem uses Proposition 1, the bounds for integrals over Riemannian manifolds obtained in [4] , and the Chernoff theorem.
